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In the six-dimensional Kaluza-Klein model with the multidimensional cosmological constant Ae, 
we obtain the black brane with spherical compactification of the internal space. The matter source 
for this exact solution consists of two parts. First, it is a fine-tuned homogeneous perfect fluid 
which provides spherical compactification of the internal space. Second, it is a gravitating massive 
body with the dustlike equation of state in the external space and tension pi — —{l/2)i in the 
internal space. This solution exists both in the presence and absence of Ag. In the weak-field 
approximation, we also get solutions of the linearized Einstein equations for the model with spherical 
compactification. Here, the gravitating matter source has the dustlike equation of state in the 
external space and an arbitrary equation of state pi — Qe in the internal space. In the case Ae > 
and Q 7^ ~l/2, these approximate solutions tend asymptotically to the weak-field limit of the 
exact black brane solution. Both the exact and asymptotic black branes satisfy the gravitational 
experiments at the same level of accuracy as general relativity. 

PACS numbers: 04.50.Kd, 04.50.Cd, 04.25.Nx, 04.80.Cc 



I. INTRODUCTION 

In our recent paper [l[ (see also 0), we investigated 
classical gravitational tests (the deflection of light and 
the time delay of radar echoes) in the six-dimensional 
Kaluza-Klein (KK) model with spherical compactifica- 
tion of the two-dimensional internal space. These stud- 
ies were motivated by our previous papers 's'-^ devoted 
to KK models with toroidal compactification, where we 
have shown that these models failed with the gravita- 
tional experiments in the case of a pointlike^ mass with 
the dustlike equation of state in all spatial dimensions. It 
was surprising to us because this approach works well in 
general relativity Q- In the models with toroidal com- 
pactification, latent solitons (in particular, black strings 
and black branes) are the only astrophysical objects 
which satisfy the gravitational experiments at the same 
level of accuracy as general relativity [3, @ • They are the 
exact solutions of the Einstein equations. To get these 
solutions, the matter source must have tension in the 
internal space instead of the dustlike equation of state. 
This is a distinctive feature of these solutions. For black 
strings and black branes, the notion of tension is defined, 
e.g., in Q and it follows from the first law for black hole 
spacetimes However, the physical meaning of ten- 

sion for ordinary astrophysical objects (such as our Sun) 
is still not clear. Black strings/branes have a topology 
(four-dimensional Schwarzschild spacetime) x (flat inter- 
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^ In the most cases, when we use the word "pointlike", we usually 
mean a gravitating mass which has a delta-shaped form in the 
external space and is uniformly smeared over the internal space. 
In this case, the nonrelativistic gravitational potential exactly 
coincides with the Newtonian one 0]. 



nal space). It is worth noting that matter sources for 
latent solitons are uniformly smeared over the internal 
space. 

In the case of models with spherical compactification, 
the background metrics is not fiat. To create such curved 
background, we should introduce the additional matter 
in the form of a homogeneous perfect fiuid. Then, we per- 
turb this background by a pointlike mass. In the weak- 
field limit, we have shown that a pointlike mass with the 
dustlike equation of state can satisfy the gravitational ex- 
periments if the model contains a positive cosmological 
constant It happens if the Yukawa interaction, gen- 
erated by the conformal variations of the volume of the 
internal space [l^ . becomes negligible and we can drop 
the admixture of such interaction to the metric pertur- 



bations hnn and ho 



a 



1,2,3, resulting in equality 



of hoo and haa- A natural question arises whether this 
approach is the only way to satisfy the gravitational ex- 
periments in the case of spherical compactification? Can 
we find a solution similar to the black strings/branes? 
In the present paper we give a positive answer. We 
find the black brane with spherical compactification of 
the internal space. This is the exact solution of the 
Einstein equations that is important in itself. We are 
not aware of such solutions in the literature. Our black 
brane has the topology (four-dimensional Schwarzschild 
spacetime) x (two-sphere) . This solution exists both in 
the presence and absence of the multidimensional cos- 
mological constant and has the negative pressure (ten- 
sion) in the internal space with the equation of state 
pi = — (l/2)£ in full analogy with the case of toroidal 
compactification. Additionally, we consider the weak- 
field limit of the model with spherical compactification 
in the case of a pointlike (with respect to the external 
space) mass with an arbitrary equation of state pi — Qi 
in the internal space and find the solution of the lin- 
earized Einstein equations. If D, — —1/2, then we re- 
produce the weak-field limit of the black brane solution. 
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For arbitrary f2 (except for Q = —1/2), our approximate 
solution tends asymptotically to the weak-field limit of 
the black brane in the model with positive cosmological 
constant. It happens in regions where we can drop the 
admixture of the Yukawa interaction. This type of ap- 
proximate solutions we call the asymptotic black branes. 
Obviously, the exact and asymptotic black branes sat- 
isfy the gravitational experiments at the same level of 
accuracy as general relativity. 

The paper is structured as follows. In Sec. II, we ob- 
tain the exact black brane solution for the model with 
spherical compactification of the internal space. In Sec. 
Ill, we get solutions of the linearized Einstein equations 
in the case of a pointlike mass with an arbitrary equation 
of state in the internal space and single out the asymp- 
totic black brane. The main results are summarized in 
concluding Sec. IV. 



space, we should introduce additional matter^ which 
provides such compactification. Let the components of 
the energy-momentum tensor of this matter read 



£(^3)5^ 



ik 



for i,k — 0, 3; 



Til. 



-ujieir3)g.ik for i, fc = 4, 5. 



(3) 



Its trace reads T = 2(2 — uJi)e{fs). In the language of 
a perfect fluid, we have a vacuumlike equation of state 
in the external space, but an arbitrary equation of state 
with the parameter uJi in the internal space. Then, taking 
into account that R33 = R22 sin^ 6*, i?55 — sin^ ^ and 
T33 = T22 sin^ 9, T55 = T44 sin^ ^, we reduce the Einstein 
equation ^ to the following system of fundamentally 
different equations: 



Rqo 
A 



- - - - — = -r(a;ie - Ag) , (4) 



II. EXACT BLACK BRANE 

It is well known (see, e.g., that black strings and 

black branes satisfy the gravitational experiments at the 
same level of accuracy as general relativity. They have 
the topology (four-dimensional Schwarzschild spacetime) 
X (Z3'-dimensional flat internal space) with D' > 1, and 
they are exact solutions of the Einstein equations. In 
this section we want to get a black brane solution with 
spherical compactification of the two-dimensional inter- 
nal space. To obtain such solution, we consider the met- 
rics in the following form: 

ds^ = Aif^ydt^ + B{h)dfl + (5(^3) [dO^ + sin^ Odifi^) 
+ E{P3){de + sm^^dr,^) , (1) 

where tilde denotes the " Schwarzschild-like" 
parametrization for the metrics and the three- 
dimensional radial coordinate. Similar to the black 
strings/branes with the flat internal space, here the 
metric coefficients depend only on the absolute value of 
the three-dimensional radius- vector. These metric coeffi- 
cients can be found with the help of the six-dimensional 
Einstein equation: 



1 1 

Rik — ( Tik — -Tg^k — -j^^&gik 



(2) 



where Ag is a bare cosmological constant. Kg = 2S'5Gg/c'*, 
S's = Stt^/S is the total solid angle (the surface area of the 
four-dimensional sphere of a unit radius) and Gg is the 
gravitational constant in the six-dimensional spacetime. 

In the usual four-dimensional spacetime, the 
Schwarzschild metrics is created by a compact (e.g., 
pointlike) spherically symmetric gravitating matter 
source. However, in the case of the six-dimensional 
spacetime with spherical compactification of the internal 
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22 
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C C AC'ACE^ 



C'^A& 



Ra 



1 



1 



E E AE'AEC^ 



E'^AC^ 



y(wi£- Ag), 
(6) 



Kg 



(7) 

where prime denotes the derivative with respect to the 
coordinate f^. 

In the case of black strings/branes with toroidal com- 
pactification, the internal space is flat. Now, we require 
that the internal space is exactly the two-sphere, that is 
E=-( 



const . Therefore, Eq. ([7]) reads 



Kg 



[(2 + tJi)£ + Ag] , 



(8) 



which is valid for e = e = const . On the other hand, 
Eqs. (Il])-® exactly coincide with the vacuum four- 
dimensional Schwarzschild equations if the following con- 
dition holds: 

£ = Ag/wi . (9) 
From this condition and Eq. ([5]) we obtain the relation 

1 



e = 



(1 + a;i)Kga2 



(10) 



^ Obviously, there is no need in such additional matter in the case 
of KK models with toroidal compactification. 
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These relations exactly coincide with the relations in [l| . 
From these relations we can conclude that £ > ^ 
cji > — 1 and signAg = signwi. The parameter wi 
is not fixed and takes part in fine-tuning ^ between 
e and Ag. Choosing different values of oJi (with the 
vacuumlike equation of state in the external space), we 
can simulate different forms of matter. For example, 
wi = 1 and uji = 2 correspond to the monopole form- 
fields (the Freund-Rubin scheme of com pac tification) and 
the Casimir effect, respectively [ll, [l3l - ll5l |. It is worth 
noting that in the case of the zero cosmological constant 
Ag = 0, the parameter wi should also be equal to zero: 
t^i = [2]. 

As we saw above, the homogeneous matter with the 
energy-momentum tensor ([3]) (where e = s — const and 
conditions ©, (jlOp hold) provides spherical compactifi- 
cation of the internal space. However, to get the external 
spacetimc in the form of the Schwarzschild metrics, we 
have to introduce a compact gravitating object which 
is spherically symmetric in the external space and uni- 
formly smeared over the internal space [j, Q. Let the 
energy-momentum tensor of this object read 



Too 
T44 



£500, 



0, a = 1,2,3 

-Pig44 , 755 = -P1555 ■ (11) 

Therefore, the total energy-momentum tensor is the sum 
of ^ (with e = e) and pT|) . In the weak-field limit 
e « pc^ and for smeared extra dimensions p ~ P3/V2 
where p^ is the three-dimensional rest mass density and 
the internal space volume V2 = Atkc? . In the case of a 
pointlike gravitating mass = mbi^z)- 

Now, taking into account the gravitating matter 
source and keeping in mind that we want to get the 
Schwarzschild solution in the external space, it can be 
easily realized that the only non-zero components of the 
Ricci tensor are 



-Roo — 



1 



1 



-j*^o<^aoo ~ -^hnP3C goo , 



Raa 
R44 

where 



2 ^^^9act 



-■^I^NPsC gaa, 



1,2,3, 



1 , i?55 — sin ^ , 



V2 



8ttG 



N 



(12) 



(13) 



and Gat is the Newton's gravitational constant. Substitu- 
tion of these components of the Ricci tensor as well as the 
components of the total energy-momentum tensor (where 
we should take into account relations ^ and (jlOp ) in 
the Einstein equation ^ shows that these equations are 
compatible only if the following equation of state holds: 



Pi 



1 

-r- 



(14) 



For example, the 00-component of the Einstein equation 
is 



^00 — -^'^esgoo 



£-i(£-2pi) 



500 : 



where we take into account ([9|). This equation results in 
(|14p . Similarly, all other nontrivial components also give 
([T4l) . That is the gravitating matter source should have 
tension in the internal space as it takes place for the black 
strings/branes with toroidal compactification. Therefore, 
the exact solution - the black brane with spherical com- 
pactification - reads 



1 



Is 



Ll. 

?3 



dr^ — r^dQ2 



(15) 



where rg = 2Gniti/c^. The matter source of this black 
brane consists of two parts. First, it is the homogeneous 
component of the form ([3]) with fine-tuning conditions 
(|ni) and (llOp . This component provides spherical com- 
pactification of the internal space. Second, it is the grav- 
itating object of the form (1111) which is spherically sym- 
metric and compact in the external space and uniformly 
smeared over the internal space. It has negative pressure 
(|14p in the extra dimensions. This component provides 
the Schwarzschild-like metrics in the external spacetime. 

To calculate formulas for the famous gravitational ex- 
periments (the perihelion shift, the light deflection and 
the time-delay of radar echoes) or expressions for param- 
eterized post-Newtonian (PPN) parameters, it is conve- 
nient to rewrite the metrics (jlSp in isotropic (with re- 
spect to our three-dimensional space) coordinates. The 
Schwarzschild-like radial coordinate and the isotropic 
radial coordinate are connected by the relation (see, 
e.g., 0): 



^3 = ''3 1 



For example, in isotropic coordinates 



(16) 



ds' 



2(p 



N 



- 1- 



2(pN 



c'dt^ 



(dx^ + dy^ + dz^ 



{d(^ + sin^ ^drj^) , 



(17) 



where ra — x'^ + y'^ + , (pN — —GNra/rz — 
—rgC^/{2r^) and we expand the metric coefficients up to 
the terms 1/c^ (the weak-field limit). The metrics PT)) 
shows that the PPN parameter 7 = 1. It is not diffi- 
cult to demonstrate also that the PPN parameter /3 = 1 
similar to general relativity. Therefore, our black brane 
satisfies the gravitational experiments at the same level 
of accuracy as general relativity. 



III. ASYMPTOTIC BLACK BRANE 

The matter of the form (jS]) (with conditions © and 
(ITUl) ') provides spherical compactification of the inter- 
nal space. The corresponding manifold has the topology 
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X S2- To get the Schwarzschild metrics in the external 
spacetime, we introduced on this background a gravitat- 
ing mass with negative pressure / tension ([T4|) in the extra 
dimensions. 

In general relativity, the weak-field limit is a good ap- 
proximation to calculate the mentioned above gravita- 
tional experiments. In this limit, a gravitating massive 
body (e.g., a pointlike mass) has dustlike equations of 
state [31 . It is natural to generalize such approach to 
our multidimensional model assuming the dustlike equa- 
tions of state in all spatial dimensions and to perturb 
the background M.^ x 5*2 by such massive source. This 
problem was considered in papers [H, Q • It was shown 
that the Einstein equations are compatible only if the 
background matter also undergoes perturbations, i.e. the 
energy-momentum tensor of the perturbed background is 

{e + e^)gik, i,fc = 0, ...,3; 
T.fc « { (18) 
-uji [e + e'^) gik, i,fc = 4, 5, 

where e still satisfies conditions © and ^TU\\ and the 
correction is of the same order of magnitude as the 
energy density of perturbation pc^. We found that in 
the case wi > this model can satisfy the gravitational 
experiments [l|. 

Let us investigate now the more general case, where, 
instead of the dustlike equations of state in all spatial 
dimensions, we suppose the following energy-momentum 
tensor of the perturbation: 



Too 
T44 



2 rp 
, rv 

2„2 



Vlpc a 



0, a=l,2,3 



(19) 



Therefore, the total energy-momentum tensor is the sum 
of energy-momentum tensors of the perturbed back- 
ground (UHl and the perturbation ([TO)) : Tiu — Tik + Tik- 
As we pointed out in [l|, in the case of uniformly 
smeared (over the internal space) perturbation, the 
perturbed metrics preserves its diagonal form and in 
isotropic coordinates reads 

ds^ = Ac^df + Bdx^ + Cdy^ + Ddz^ + Ed^^+Fdri^ (20) 

with 

(21) 



equations (see also [l|): 



= Keioie^ + Kepc^ , (22) 



A^E^ = {2 + uji)Kea'^e'^ 



^E^ + Kepc^a^ 



(23) 



(24) 



where A3 is the three-dimensional Laplace operator. 
Eqs. ^ show that = = . With the 
help of Eqs. (B8) and (B9) in [l[, we also obtain that 
F^ = E^ sin^ C and 



A3E' - —{AsA'-A^B') 

= — [2K6Wie^ + (1 + 2n) K6pc^] , (25) 



where in the latter equality we use Eqs. ([22]) and ([23 
The comparison of ([M[) and ([^ yields 



E^ 



(26) 



The substitution of this relation back into ([^5]) gives 

\+ny-^a^m5{v,)^ (27) 

where for the smeared extra dimensions p = 
771(5 (r3)/(47ra^) and we also use the relation ([T3|) . In 
the case wi > 0, the solution of this Helmholtz equation 
reads'^ 



£;! =a2^ (l + 2f7)e-'-^/^, \ = a/^i, (28) 



where (/sat is defined in (|17p . Taking into account ([26]) 
and (|27p. we can rewrite Eqs. ([^^ and ([^5|) in the form 



E^ 

A3 ( - ) = nopc^ 



A3 B' 



E' 



J I = Kepc 



(29) 
(30) 



where we take into account the spherical symmetry of 
the perturbation with respect to the external space. All 
perturbed metric coefficients A^,B^,C^,D^,E^ and F^ 
are of the order of e^. To find these coefficients, we should 
solve Eq. ^ which is reduced now to the system of 



If SI ^ —1/2, then the negative value of (jJi results in the nonphys- 
ical oscillating solution. Moreover, in the most interesting ex- 
amples (e.g., Freund-Rubin form-field compactification, Casimir 
effect) uji > 0. Stabilization of the internal spaces also requires 
the positiveness of uii [3. Il5l|. The case Q = —1/2 is discussed 
below. 
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and we obtain 

[ \2 / J 

(31) 

[ \2 / 

(32) 

To get agreement with gravitational experiments, co- 
efficients and should be very close to each other. 
In general relativity, A^ is exactly equal to B^ . In our 
model, we can satisfy this condition in two cases. 

First, A^ = B^ = 2ipNlc^ and E'^ = Kga^e^ = for 
Q, = —1/2. Obviously, this is the case of the previous sec- 
tion, and we reproduce this exact solution in the weak- 
field limit. Here, the parameter uji is not fixed and sat- 
isfies the condition cji > —1, including the case tui = 0, 
when a bare cosmological constant is also zero: Ag = 0. 

Second, for ^ X (roughly speaking, for r^/X — > 
-l-oo) both A^ and B^ asymptotically tend to lip-^jf? 
and E-^,e^ go to zero. Here, the metrics asymptotically 
approaches to (fTf)) for any value of ^ —1/2, includ- 
ing the physically reasonable case of the dustlike equa- 
tion of state ri = 0. Therefore, the second case is called 
the asymptotic black brane. The parameter D, can be 
set arbitrarily and does not necessarily equal to —1/2. 
The positiveness of wi (as well as Ag) is the necessary 
condition of the considered case. The metric correction 
term A^ ~ 0(l/c^) describes the nonrelativistic gravita- 
tional potential: A^ = 2(p/c^. Therefore, this potential 
acquires the Yukawa correction term. The Yukawa inter- 
action is characterized by two parameters: the parameter 
A, which defines the characteristic range of this interac- 
tion, and the parameter a in front of the exponential 
function. In our case a = 1/2 + ft. There is a strong 
restriction on these parameters from the inverse square 
law experiments. If, for example, |f2| ^ 0(1) (and is not 
equal to -1/2), the upper limit for A is Amax ~ 10~'^cm 
[16| . In view of the relation X = a/ ^/uJi, we have also a 
possibility to estimate the upper limit of the size of the 
internal space for a fixed value of cji (usually, wi ~ 0(1)). 

Let us estimate now the Yukawa correction term for 
the gravitational experiments (the defiection of light and 
the time delay of radar echoes) in the Solar system. We 
can take t's > ~ 7 x 10^°cm. Then, for A < 10~^cm, 
we get ra/A > 10^'^. Therefore, with very high accuracy 
we can drop the Yukawa correction term, and we arrive 
at the case of the asymptotic black brane. 

IV. CONCLUSION 



solution, we should first prepare the corresponding back- 
ground with the fiat external spacetime and the curved 
internal space (the two-sphere). For this purpose, we 
should include a matter source in the form of a homo- 
geneous perfect fiuid with vacuum equation of state in 
the external (our) space and an arbitrary equation of 
state in the internal space. The model can also contain 
a bare multidimensional cosmological constant Ag. To 
get spherical compactification, parameters of the perfect 
fiuid should be fine-tuned. The presence of such perfect 
fiuid is the main difference from the well-known black 
branes with toroidal compactification. In the latter case 
we do not need to introduce an additional perfect fiuid, 
because the background here is flat for both external and 
internal spaces. 

The next step is to construct a Schwarzschild-like met- 
rics in the external spacetime. To perform it, we included 
a gravitating object which is spherically symmetric and 
compact in the external space and uniformly smeared 
over the internal space. We have shown that the Ein- 
stein equations are compatible only if this object has 
negative pressure (i.e. tension) in the internal space with 
the following equation of state: pi = — (l/2)e. It should 
be noted that the gravitating matter source for black 
branes with toroidal compactification has precisely the 
same equation of state in the internal space. 

Then, we generalized our investigations to the case 
where the background with spherical compactification 
is perturbed by a matter source which has the dust- 
like equation of state in the external space and an ar- 
bitrary equation of state pi = fls in the internal space. 
In the weak-field limit, we found solutions of the lin- 
earized Einstein equations. The case = —1/2 repro- 
duces the weak-field limit of the exact solution. In the 
case —1/2 and Ag > 0, the metric coefficients ac- 
quire the Yukawa correction terms which are negligibly 
small at three-dimensional distances much greater than 
the characteristic range of the Yukawa interaction. At 
these distances, the metrics asymptotically tends to the 
weak-field limit of the exact black brane solution. We 
named the second case the asymptotic black brane. Ob- 
viously, in the case of spherical compactification, the ex- 
act black branes and asymptotic black branes satisfy the 
gravitational experiments at the same level of accuracy 
as general relativity. 
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In this paper we found a metrics for a black brane with 
spherical compactification of the internal space. This is 
the exact solution of the Einstein equations. To get such 
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